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DESIGN CRITERIA FOR BUCKLING AND VIBRATION CF IMPERFECT STIFFENED S!{F.'.'..LS'

Josef Singer and Aviv Rosen
Department of Aesonsutical Engineering,
Technion-Israel Institute of Technology,
Haifa, Israel.

Abstract

Recent advances in the metnods of prediction
of buckling loads of stiffene3d shells and their
applicability to desiqn are reviewed. Tha in~
fluence of brundary conditions, imparfections and
inolastic effects are studied and correlated with
tests. Realistic deszign criteria are ovolved.

“ethods for vibration analysis of loaded
stiffencd shells arc evaluated by correlation with
test risulto and consideration of design applica-
tion. 1ne influenze of bcundary corditions and
imperfections are studied and correlated with their
influence on irstability.

The use of vibration testinsg as a non-destruc-
tive method for checking of actual boundary con-
ditions, and for prediction of buckling loads of
stiffened shells {5 discussed a:« correlated to
cests.,

List of Symbols

"1’“2 cross section of stringer and
ring, respectively,

distance between centers of
stringers and rings,respectively.
Cl: www =N «N = Q
€21 wew' Xu¥ut™¥ = o

clamped boundary condicicas
CT3: waw, =N -v”- 0

Cé: wew, f'u wy =0

l.cz sttinger and ring width,respect-
ively

D eh3/1201-v¥)

dl,t:l2 stringer and ring helgnt,respcct-
ively

E Young's modulus of shell

21,82 Young's moculus of stringer and
ring,respectively

e ey stringer oy ring eccentricity,

- respectively

e sccentricity of louding (distance

from shell middle surface to the
point of applicaticn of load)
£ frequency
G shear modulus of shell
G shear modulus of stringer and ring,
respectively
thickness of shuil
thickness of equivalant weight
isotropic shell
noment of inertia of stringer or
ring cross-section about its
centroidal axie -
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moment of inertia of siringer or ring
cross-section about the middle surface
of shell

torsion constant of stringei or ring
cross-section, respectively

axial elastic restraint

rotational elastic restzaint

length of shell

Figure 1.
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Notation.

mass per unit area of stiffened shell
moment resultants

number of longitudinal half waves
axial, circumferential and shear
menbrane force resultants,respectively
eircumferential wave number
compressive axial load

empirical buckling load for isotropic
cylindrical shell, Eq. (S5).
calcrlated axial buckling load
experimental axial buckling load
calculated axial buckling load for
shell with axial or rotational
restraint

calculated arial buckling loads for
shell with SS3, SS4, C4 boundary con-
ditions, respectively

vlassical buckling of equivalent
weight isotropic shell

linear theory axial buckling load for
stiffened cylindrical shell

ndius to shell middle surfaca

SS1s w-'l =N "N

5523 weM -u -N

xoo

SS83s v-ltx -N -v - o imply supported boundary con-

S84 w-nx-u wy

ditions
2

k h /121!
ty o time
Q 4V ,w displacements (see PFig, 1) .
u,v,w non-dimgnsional displacements u /R,
o & o v /R, w /R respectively
X 1Y o2 coordinates (see rig.}) .
x,4,2 non-~dimensional coordinates x /R,y /R,
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ratio hetween the "“linearities" of
stiffened and equivalent weight iso-~
sropic shell

normal ard shear strains

efficiency of stiffened shell
nondimensional parameter which
determines amplitude of imperfection
Poisson's ratio

“linearity”, ratio between experiment-
al buckling load and the theoretical
value predicted by linear theory

pss’:"’*sﬂ’c‘ “linearity” with respect to SS3,SS4,
¥ C4 boundary conditions respectively
Py "linearity® with respect to end
P conditions with axial or rotational
restraint
Peg "linearity”-or xnock-down factor
-2 equ‘l jeveight isotropic shell
5 (1/ eTrE Y /Ry
- (2 3(1-\) JXh/R)n
Mo (l-vz)BkAk/Ek;kh k is 1
X (1-v)E A e /Eb hR for stringers
k k. k x5k g
n E /b, D an@ 2 for
ok 5% B
n '}J K rings.
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1. 1Introduction

Stiffened shells are now well established as
optimal configurations for major structural com-
ponents of aerospace vehicles. Considerable
theoretical and experimental erffort has therefore
been devoted in recent years towards better under-~
standing of their most probable mode of failuvre -
instability. 1iIn 1972, the senior author surveyed
the state of the axt of buckling analysis for
integrally stiffened ihells and the relevant
experimental evidence”. One purpose of the present
study is to update this survey and extend it to the
vibrations of stiffened shells and the correlation
of vibrations with instability. The emphasis {s,
however, on design applications, on evaluation of
earlier design criteria and on formulation of new
criteria for design of more efficient aerospace
shells,

The followlng quotation from a recent paper by
Fulton and McCcnb® may serve as a reminder of the
primary importance of structural efficienzy in
future aerospace vehicle.. ¥At the same time that
design axperience on vehicles classes is decreasing,
the payload of advanced vehicles is reluced to a
riny fraction of gross weight, squeezed between
fuel and empty weight. Thus, a relatively small
error in estimated emi,xy weight may eliminate the

paylod”. The need for a re-svaluation of the

“knock-down factors" and other similar consarvati
design criteria and methods is hence evident. ative

The large disciepancies between theoretical
predictions and experimantal bucxling loads for
thin shells, and the corresponding sca.ter of
experimental results are attributed to three
causes:

1, Initial Imperfections.
2, doundary Effacte,
3. Inelastic Effects.

Cylindrical shells under axial compression
have bean the focus ot most svudies since they
have probably exhibited the iarcest discrepancies
and scatter (see for example Refr.3 - 5),
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In the last decade initial geometrical im-
perfections have besn accepted ag the main degrading
factor on the buckling loads of thin shells. In
1963 Xoiter applied the iniugl postbuckling analysis,
first propcaed by him in 19457, to a cylindrical
shell with a special axisymmetric initial imparfect-
ion7 and showed that even very small imperfection
amplitudes resulted in very significant reductionz
of the buckling load. The many investigations that
followed have recently been reviewed in a lnsvay of
postbuckling theory by Hutchinson and Xoiter , which
shows the importance attributed tc geometxical im-
perfections by all the invest.)gators. Tuis emphasis,
however, appears to have overshadowed the other im-
portant effects. Even in the case of initial im-
perfections, usually only geometrical imperfections
have heen considered and practically nc attention
hzs been given to inftial material imperfections,
though they too may reduce the buckling loads
appreciably (see for example Ref, 9 where residual
stresses werc shown to be a prime cause of reduction
in the buckling pressures of welded stainless steel
conical shells).

After devoting much effort to studies of the
influence of in~plane boundary conditiorns, as well
as prebuckling deformations, on the buckling of
cylindrical shells under axial compression and other
loads in the beginning of the sixties (see for
example Refs., 3, 10-19), most investigators then
relegated the boundary conditions to second place.
Only recently has there been renewed interest in
their effects (see for exzmple Refs, 20, 21, 22).

The usuxl buckling analyses «<f thin shells
assume linear elastic stress-strain laws and iaply
therefore tha® instability occurs at a criticai
straess appreciably below the yield stress. Plastic
buckling is related only to relatively thick shelils,
for example cylindrical shells with £§/h) < 100, 1In
1969, however, [ayers and Wesenberg called
attention to the importance of non-linear mzterial
behavior in the failure mechanism of imperfect
axially compressed cylindrical shells, even when
their average compressive stress remains below the
limit of proportionality. Inelastic effects may
combine with initial imperfections to yield con-
siderable reductions in load carrying capability.
They represent, therefore, a prime cause of
experimental scatter. The impeufection sensitivity
aspects of plastic buckling of shells has aho been
erphasized in a recent survey by Hutchinson®".

Now for stiffened shells, and in particular
closely stiffened shells (for which lccal panel
buckling is rarely critical), the effect of gaometric
imperfections is less pronounced., Hence the re~
Aduction in pradicted buckling loads and scatter of
test results is less severe, provided ezgol‘)adaty
conditions are adequately accounted for '“7’'“°. 7The
influence of the boundaxy conditions i#, however,
found to be of prime importance in stiffened shells.
The inelastic effects are also more significant in
stiffened shells than in unstiffened ones, on account
of their smalier effective radius to thickness
ratios?’, Hence in gtiffened shells the three
factors appear tc be of the same impoytance, with
boundary effects sometimes even dominant. The
influence of boundary conditions has been the
subject of a recent study by the authers?® and will
be extended here.

The importance of stiffened shells in drsign of
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aerospace vehicles Has resulted in continuous (a) The stiffeners are "distributed” over the whole
efforts to revise and improve design criteria. The surface of the shell,

recent NASA design m 1ua1829030 have been supplement~

ed by many reassessmets and new criteria (sse 26 ,

(b) Th> normal strains c_(z) and ¢,(z} vary
31 = 33 ). vesign criteria and methoda for buckling lirearly in the stiffaner as weli as in the
and vibrations of stiffened shells will also be

sheat. The normal strain in the stifiener and
proposed in the paper and their influence on in the sheet are equal at their point of contact.
structural efficiency will be discussed,

{(c) The shear membrane force N“ is carried entire-

The vibrations of thin shells have also been ly by the sheet,

investigated extensively, as is evident from a
recent NASA survey“. The vibrations of shells
subjected to static loads have, however, received
much less attention. Some recent results on the
vibrations_of axially loaded stiffened cylindrical
stells3% 37 will thereiors be revie.ad. Though the

influence of boundary ¢ snditions has usually been ‘the middle surface of the shell is chosen as o
taken into account in shell vibritions, that of in~ .

refercence 1 ne and the expression for forces and
plane boundary conditions for stiffened shells has moments in terms of displacements are:

only lately been considered by the authors<8:3% angq

will be br.efly discussed. The effect of initial
impertections on vibralions has only received
little sttention (sce for example Ref. 39 ) and

will be discussed. Inelastic effects will not be
considered for vibrations.

(d) The torsional rigidity of the stiffener crnss-
section is added to that of the sheet (the actual
increase in tersinnai rigidity is Jarger than
that assumed).

2
N = [Eh/(1-v )](u'x(lﬂll) + v(v, -} -

F) ":lw,xx]

2, _
N0 = [Eh/(1~-v ;lt(v'.-w) (1+u2) + w’x xzw,“]

N,“- Nex = [Eh/2(1+v)l(u"+v'x7
Except for some brief rafezences to parallel M = =(D/R)[w _ (1+n_,) + W -12(1-v%) (R/h)le'-l )
results in stiffened cenical shell, the dis- * o ° 194 '
cussion is limited to ring and stringer-stiffened M, = ~{D/R}(w ,,(2+n ) + W -
cylindrical ahells, with emphasis on axial com- s A o2 e
pression loadang and vibrations of axially ~-12 (1—\:2) (R/h)z',: (v , - w}}
compressed shells. 2.4

M ™ +{D/R){(1 - V) + "u}",m

néx' ~(O/R)[((1 ~ V) + “tz’",xo (1) v

where My oMaaBoqon ol and R, are the changes in

II. Linear Theories and Correlation witn stifineyses due to stringers and frames and ¥, and

— Buckling Tests. X, are the changes in stiffnesses caused by tie
eZcentricities of the stringers and rings. u,v and

1f classical linear theory can be assumed to w are the additional displacements during buckling

predict buckling loads in shells with closely spaced and they are non~dimensjoral, the physical displace~-

stiffeners adequately, as already stated by van der  ments having been divided by the radius of the

Neut in 196290,_the bounds of validity of this shell.

agsumption and the interpretation of "adequcte”

emerge from the experimental results discussed later.

the general instability of stiffened cylindrical

Substitution of Eqs. (1) into th2 Donnell

stability Equations yields thewm in a simple form in
shells can be analyzed with a simgle "smexyred” tems of displacements (sez Eqs. (2) of Ref, 1 ,
stiffener theory dorived in 196341 which takes into Eqs. (12) of Ref. 41 , or Eqs. (13) of Ref. 46 ).
account fhe eccentricity of stiffeners. Because of

its simplicity, this theory has been used Ly many

Por viassical simple supports (SS3) the same
investigators {see for example Ref. 42 ) »-d has

dizplacements as 75r isotropic cylinders also solve
been applied to conical and spherical shi2iz (for these equations tor gstiffened cylinders. The same -
example Refs. 43 or 44 ). Its results also is true also for classical clamped ends (C2), though
correlate well with thoge obtained by f.a earlier “ne similarity apgplies here to displacements and '
theory of van der Neut?’. The analysis is presentad

rolution by the Galerkin method, since a closed form :
in det:ail in Ref. 46 for the case of axial com-

of nolution is not pozsible. For other in-plane
pression, and is outlined in Refs. 1 and 47 boundary conditions, improved analyses have also :
where the detailed analyses for othecr loading cases been developed (see for example Ref. 48 and 49 ).
are algo referenced. Other analyses utart with slightly different assump-

tiore than Eqs. (1) (see for example Refs. 50 or
The analysis employs the lincar stability

51 ), but the la*ter are now commonly accepted for
equiations (usually Donnell Equations), inte which smeared stiffeners, The model (repxesunted ir the i
the "smeared” rings and stringers are introduced case of the Dornell theory by Eqs. (1)) can obvious- i
through the force and somsnt expressions when the ly be applied 2130 to other linear and non-linecar i
equations are representrd in terms of displacements. theories, with appropriate modifications (for i
In th2 mathematical model the stiffeners are examsle, 3 Pligge-~type thecry'} and appears in many $
“sneared” to form a cut layer. For axample, external computer codes ég.)r example, in finite difference :§
rings are replaced by a layer of many parallel rings program POSOR 3°¢), 2
that cover the whole cutside of the shall, touch A
each nther bat are not connected to each other., The main results of linear smeared stiffoner :} -
The main assumptions are therefore, as in Refs. 41 thoory, relating to the effectiveness of stiffeners s
cr 46 and relative imvoriance of shell and stiffener para- H
meters, ave d>utlined in Ref, 1 . One may re- N
3 %
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capitulata that tha shell geowetry may be represent-
ed by ohe parameter, the Batdorf parameter 2 =
(1-v4)172(12/pn), and the stiffener parameters are
spacing, shape, crouss-sectional area and eccentri-
city (where spacirg is determined by local buckling
and is therefore outside the realm of the smeared
stiffener theory).

The cross-sectional area of the stiffeners or
the corresponding non-dimengsional area ratiofe.q.
Ay/bh for stringers), is usually the prime gzo-
metric parameter determining their effectiveness,
and has algo been shown experimentally tc be the
prime stiffener parameter which determines the
applicability of linear theory. It is however also
tne one that affects the weight directly, and hence
structural efficiency considerations may sometimes
dictate relatively weak stiffeners. The shape of
the stiffeners is very important since it determines
their bending and torsional stiffeners and their
eccentricity. whexsas the influence of the bending
stiffneas is self-evident, the importance of the
torsional stiffness should be stressed, in partic-
ular in the case of axial compression loading or
torsion (see for example Refs. 46 , 53 or 54 ).
The stiffener eccentricity effect - the influonce
of pnsitioning of stiffeners on the cutside or in-
side of the shell ~ has been widely discussed and
is well known. It is most pronounced for
stringersd6,47,55, put also important for
rings45:47,56, nne should remember that the
eccentricity effect depends very strongly on the
shell geometry and that an inversicn of the eccen~
tricity effect occurs at certain values of 2,
dependéngson the loading and on stiffener geo-~
netry‘ *=Y, 1t may be noted that in general there
is strong interdependence between the effects of
stiffener and shell geometry and a weak one between
the different stiffener geometric parameters.

The boundary effects in smeared stiffener
theory will be discussed later in connection with
more recent results,

Since smeared stiffener theory is valid only
if the discreteness of stiffeners is negligible,
this effect has been studied by many investigators
(see bibliography in Ref. 57 or 58 ). A con-
venjent discrete stiffener theory 1s obtained by
consideration of stiffeners as linear discontinuities
represented by the Dirac delta function instead of
beiny "smeared”., The force and moment expressions
of Euys. (1) are modified accordingly and thc remain-
der of the analysis is similar to the smeared
stiffener theory.

Por cylindrical shells with discrete rings
buckling under hydrostatic pressure apprectiable
load redus:ions are found even when the number of
rings is not small®", In the case of axial com-
prescion, Lhe discreteness effect of rings is
usually negligible (see Refs. 25 and 59 ). 1If
the nunber of rings in the shell is very close to
the number of axial half-waves in the predicted
axisymmetric buckle pattern, a recheck should be
made with dlscretggstiffamt theory. Such & recheck
in typical shells” confirmed, however, the negligi-
bility of discreteness effects except when local
buckling was dominant.

In the case of siringer~stiffened shells the
digcreteness effect is acain negligible for practical
stringer spacings r -ed to ensure tailure by
general Lnsubnity"’ . Significant discrxeteness

L s o ok e i e e el by e g g oIen gt i el e

effects are only likely for stringers with vexy 3
large torsicnal atiffness, in shells with 2 < 400. .

Ths survey of the experimental evidence in 1972 1
cont’ cmed urlias ggntnunu about the adequacy of .
livicar ‘iheoriu‘ *4° and led again to the con-
zlusaon® that: "Classical linear theory is applicable :
to integrally ring-and-stringer-stiffene’ cylindrical .
shells as a first approximation, with tne same re-
liability as for isotropic shells under external
pressure”. Since the completion of that survey,many
additionat shells were tested in the framework of
the study on the vibrations of stiffened shells and
their correlation with instability. Hence the
coilected experimental evidence can be updated and
reviewed. Unfortunately only tests carried out at
the Technion Aircraft Structures Laboratories are
included in the updating, since insufficient data
is available at present on zeceg& ggst results
obtained by other investigators ' ~. The shells
tested in Ref. 61 have apparently also too low an
(R/h) to be rapresentative of aerospace structures.
Further updating of the collected experimental
results will therefore be necessary.

The applicability of linear theory is con-
veniently expressed by the ratio of the experimental
buckling load P, to that predicted bxslinear
theory P.,, callel by the senior author® "linear-
ity" p = “’sx cr) ¢ in preference to the term
“knock down® factor used in unstiffened shells,
since in closely stiffened ghells p is usually
closer to unity. In view of the importance of the
boundary conditions, espacially in stringer-stiffen-
ed shells, the results will be reclassified accord-
ing to B.C.'s and the scatter will be reduced, in
another section of the paper, by application of the
correlation with vibration tests, proposed recently
by the authors*”.

For ring-stiffened shells under axial com-
pression the boundary effects are, however, relative-
ly small, and hence the ggcent results for 7075-T6
aluminum alloy RO shells “ are superimposed in rig.

2 on the earlier results reproduced from Ref, 63,
where p = (P /P .,). Since the area ratio

(A, /b.h) is BB ptide stiffener parametex, p is
plotted as a function of it in Pig, 2 Sgrsghgilho .
different materials and investigations<2’~” ¢ €#7=0=%,
The recent results fit within the scatter band of
the earlier ones and reconfirm therefcre the earlier
conciusions®: For (A./b,h) > 0.3 there is % 10 ~
15% scatter about a msan‘p = 0,95 (except one point
that is - 17% below 0.95), or one can state roughly
that 0 ~ 0.8, As the ring area ratio decreases
below 0.3, p decreases, at first slously, but below
0.15 rather rapidly. Hence applicability of linear
theory appears to be bounded here by (Azlbzh) 2 0.2,

e T ek

The results for stringer-stiffened cylindrical
shells under axial compression are now plotted in
two Figures, one for simple supports, Pig. 3, and
one fogzclanped ends, Pig. 4. The recent RO
shells”“ are plotted together with the earlier test
results from Refs. 53 , 54 , 55 , 59,65 and 66
surveyed in Ref., 1 . Some:of the sarlier results
are again excluded for reasons detailed in Refs,

1 or 54 . The scatter in Pigs. 3 and 4 is larger
than in Pig. 2 and the trend less clearly defined,
but tha stiffener area ratio appears to be a major
factor also in stringer~stiffened shells.

The "linearity" of all the shells considered
as simply supported (Pig. 3), except those from
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Figure 4.
Function of Stringer Area Parameter.

Ref. 65 , is above 0.65 even for veak stringers,
and for (Al/b h) > 0.5 all shells have 9> 0.72. 1In
some of che séells tested by Katz"~, which are the
exceptions here, early local buckling was clearly
observed and local buckling may have occured also in
some of the others of this series. The scatter in
Pig. 3 is usually about * 20%, and even * 30t in
regions vwhere many tests accumulate, akbout an average
o that rises from o0 ~ 0.7 for weak stringers to

¢ = 0,9 for heavier ones. This scatter is partly
due to incomplete definition of the boundary con-
ditions and can be siguificantly reduced by a better
determination of the actual boundary conditions,

as wkll be shown in Section 8 (Fig. 17). For
clamped shells (Fig, 4) lower valres of "linearity”,
down to ¢ * 0,6, are observed, The p values for
some of the recent RO shellsS? with fairly heavy
stiffening, (Al/b h) = 0.5-0,7, are conspicuous,
Though again more realistic boundary conditions
cvorrect the deviations and improve the "linearity”
see (Fig. 17), the valuec are relatively low,

which may be partly du. to additional imperfections
introduced by the clamping.

The influence of shell geometry and stiffener
spacinqlhgg gsen studied in the earlier
studies '"~'”". Different combinations of (Allblh)
and Z, as well as of,othar ieometric parameters
have also been tried ' 'S to reduce scitter and
to define trends. One more successful attenpt to
reduce scatter significantly has been a"weighted
linearity">% p/11 + (A /blh)](see for example Fig.
10 of Ref.l). Coxtela%ions wi 554 boundary
condi tions have alto been tried” , and will be
discussed ayain in Sestions 8 and 10.

Experimental results for other loading cases
provide additional support for the adsquacy of
linear theory in tha analysis of the buckling of
stiffenad cylindrical shells. Sote banding and
hydrostatic pressure tests, in all of which
P > 0.9, have also been discussed in Ref, l{see

K o -8 d 1.0 \
FWIY )

“Linearity" of Clamped Stringer~-Stiffened Cylind:ical Shells under Axial Compression as

for example Table 2 of Ref. 1). Tests on ring-
stiffened conical shells”’ also support the con-
clusions arrived at for cylindrical shells(see
for example Fig. 12 of Ref. 25).

111. Vibrations of Stiffened Cylindrical Shells,

In addition to their well-known importance for
determination of the dynamic response of shells,
free vibrations have proven to be a valuable tool
for determination of boundary conditions and correla-
tion with buckling of shells. This also emexged
from the theoretical and experimental studies on
the vibrations of Stiffe"938°§%£§9’ical shells
carried out by the authors“"’ *

The theoretical studies employ a "smeared” 41
stiffener theory developed for buckling analysis "~
which considers the eccentricity of the stiffeners.
For vibrations this theory wasséirst used in un-
loaded shells by McElman eggal It was later com-
pared by Parthan and Jones”~ with a discrete stiffener
analysis and found to be adequate for uniformly and
closely spaced stiffeners. They also showed that
while in-plane inertia cannot be neglectcd, rotation-
al inertia is negligible. Hence the analysis develop-
ed considers only radial and in-plane inurtias. The
details are given in Ref, 36 and in an abbreviated
forn in Ref. 35 . Three sets of Equations und
boundary conditions were derived. The first set
follows Donnell theoxy, the second set treats the
small vibration displacements according to the mora
exact Flugge theory, but takes into account the
contribution of the static stresses according to
ponnell theory, the third set follcws the Plugge
theory throughout. The three setd can beé written in
a concise form which brings out the differences
between them, For example the equilibrium equation
in the axial direction is:

-
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and similarly for the two other equations and the
bouwndary conditions, where thu terms in Eq. (2)
underlined twice are those appearing in the third
se®~ cnly, those underlined once appearing in the
second and third sets but not in the first one.
gsystems of equilibrium equations and boundary con-

ditions are solved by the method usually referred to
as the "exact methold", uszed extensively for isotropic

shells (for example in Ref. 70 ).
were performed with the three set336 and for the
range of geometries studied only very small diff-
erences were found between the results of the three
analyses. The results discussed in this Section
were obtained with the Donnell~type theory for

stringer-stiffened shells and with the second set of

equatione for ring-stiffened ones, The results of
later tests discussed in other Sections wexe all
obtained with the Flugge~type theory.

Since buckling may also be defined as the state
of vaniching frequency of free vibrations, the
analysis and the resulting computer preogram also
yield kuckling lrmads. The results of analysis for
vibration and buckling were foung to agree well with
those obtained by other rethods=®. The present
method has the advantage that it can be readily
applied to different ccmbinations ofﬁoundazy con~-
ditions including elastic restraints” .

Concuvcently with the theoretical study vibra~

tion tests were carried out. The test apparatus

and procedure is described in detail in Ref.37 and
summarized in Ref. 25. The shell is excited by an
acoustic driver which is inside the shell. The
response of the shel) is measured by a microphene
outgide the shell. The excitation frequency is
changed and resonance is detected by the help of
Lissajous figures. When a resonance frequency is
detected, the mode of vabration is recorded by
plotting the microphone reading versus its circum-
ferential or axial position on X~Y recorders. The
load is applied with a screw-jack and the load
distribution is checked by an array of pairs of
strain gages, which perrit gseparation between com~
pressigs and bending strains., The fizst test

series™  included 4" stringer-stiffened shells, (RD-2
to RO~5), 2 ring-stiffened ones (RO-6, RO-7) and one
isotropic shell (RD-1). The dimensions of the ghells
are given in Table 1 of Ref. 35 or Table 2 of Ref,
37 . Their {R/h) = 460-500, (L/R) = 2, area ratio
(A /blh" or (Az/b h) = 0.2 ~ 0.5 and eccentricity
oflst.xffenez: (ey/hf, or (e /h) = =1.5 to -3.0. The
specimens were cut from 7075~T6 aluminum alloy d:cawn
tubes, with E = 2500 kg/mm" (10.6 x 105 psi),

2 54 kqg/mmi (76700 psi) and v » 0.3. The shells
witatheir integral stiffeners were accurately
machined by a prccess described in Ref. 54 . Thase
tests wern: carxrzied out with the specimens clamped
in a cirxcular groove of the same inner diametar and

the cutside gap fiy’cd with low melting point Wood~
metal or Cerroband™'.

Curver of fraquency versus applied load were
plotted with the experimental results and compared
with theoretical predictions fur C4 B.C.'s., As an

example, the curves for two stringer-stiffened shells
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Vibrations of Loadea Firinger-Stiffened
Cylindrical Shells -~ Frequency Versus
Axial Load of Shells RO-2((R/h)=48};
(L/R)=1.9€; (hl/blh)-o.zzsf (1 /blh Y
0.082; (e, /n)="~1154:n_ = 0,91} ana
RO-4 (R/§)=498; (L/R)=E107; (A, /b, )=, 268;
(In/blh 1=0.125; (e, /h)= =1 F7, r1gg™1.35)
for'n = 7-12(reprodiiced from Ref.:ig)

o €8

soanalae e ey

vibration modes with circumferential waves n = 7-12
and axial half-waves m « 1,2 and 3. Curves were

also fitted to the experimental points, wherever

sufficient results wzre available. One may note in
Fig. 5 { and this can also be cbserved in the many :
curves plotted in Ref. 37 ) that thc experimental B
resylts show hetter defined trends foxr m = 1 than :
for m = 2. 1In Fig. 6 (again reproduced from Ref. E
35 ) an example for a ring-atiffened shell RO-7 is

given for the modes n = 6~10 and m = 1,2, For the )
ring-stiffened shells the experimental res\_%ts
exhibit well detined trends also for mn=2 ~°,

This first test uriel37 confirmed the adequacy
of the smpared stiffener annly:h“, for the range
of geometries studied. Good acreement was obtsined
betwesnr experiment and theory. 1In all the tests
(except for one mode fn one test) the maasured
frequencies and the experimental buckling loads were
lower than the calculated ones. The study of
frequencies and modes shapes showed that whereas at
zero load for a given circumferentia’ wave number
the low fraquency was connected with one axial half-
wave, the second with two half-waves etu; with
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E increasing axial load thg low freauancies appeared has been discussed in Ref., 1 .
i for two or more axial haif-waves.which correspond
i also to the buckling mode of the shell. The be- For ring-stiffened cylindri.al shalls under
. havior of stringer-and ring-stiffened shells axial compression thg gffects are similar to those
ﬁ differs. In strindqer~-reinforced shells, due to the in isotropic shells ’°, with heavy internal rings
t increased axial bending stiffness, the modes of low  exhikiting the only significant deviation in that
i frequencies and the buckling modes occur with the weakening effect of the “weak in shesr" bound-
3 relatively high circumferential wave numbers (see aries tends to disappeaxr (Fig, 5 of Ref. 48 ),with-
3 Fig. 5). In ring-stiffened shells, because of the out changing the negliyibility ot the effect cf
: increased circumferential bending stiffness, the axial restraints.
s low frequencies anc buckling modes occur with smaller
: circumferential wave numbers (see Fig. 6). Near the For stringer-stiffened cylindrical shells under
, buckling load, modes with many axial waves are pre-  axial compression the influence of in-plane boundary
: dicted and buckling may also initiate in such a conditions differs appreciably from that in isotropic
. mode. shells - the main difference being that the axial
. restraint (u = O instead of N = 0), vwhich has no
' effect in unstiffened shflls or ring-stiffened ones *
: under axial compreesion1 + bccomes the predominant
! factor, whereas the circumferential restraint (vsoO
. instead of Nx = 0) has only a minor influence.
Hence, for hoivy or medium stringerz, 553 and Ssl
boundary conditions yield praccically identical
o results and similarly SS1 and S$S2 hardly differ
' ™ {see for example Fig, &€ of Ref. 1 ). The stidies
: S of Wellerd? ghow that the effacts also strongly
000 et aepend on the shell geometry parameter 2% and on
. $——1 the stringer parameters (A /blh) and (ellh). The
9 effect of axial re.traint 18 more pronaunced for
S internal stringers, but even for cxternal onas axial
e » restraint (us0, 552 or SS4) may raise the predicted
! buckling load for medially or heavily stiffened
L______________‘__—‘__.___ shells by 50% or more if the shcll is long. The
o = — parametric studies carried out?8® for simply support-
' ed stringer-gtiffened shells, with relatively
w efficient stringers (their properties appear in
EEEE5EE;===============r___________' Table 2 of Ref. 28 ), confirm the trends of Ref,
viee Wﬁm" 49 and indicate that the largest effcct occurs for
"_““—"‘:-.—ma"a. medium stiffening, falling off as the stiffening
’ increases further, This behavior, that for a given
P e — o bt - 2 the increase in (A,/b,h} yields an apparent de-
1000 ~ e

P e e e e e crease in P__ /P .., can be explained from plots
- > versus %, wgign gggw the shift of the axial constraint
effect to a higher Z for heavier sttingets‘g. For

stringexr-stiffened shells with clamped ends the

bl oo effect of axial restraints are much smaller2f,
Additional parumetric studies hsave been carried
| | ! i | ! | 1 out for slightly less efficient stringers, closer
[} w0 e [£") 1400 %00 wo Py to the c.cmetries of the test chelle The main
geometric paramater: are given in Table 1. The
Figure 6. Vibrations of a Loaded Ring-Stiffened calcurations uave again been carried out with a
Cylindrical Shell RO-7((R/h)=466; linear theory® and with BOSOR 352 taking nonlinear
(L/R)=1.93; (A,/b,h)=0.585; (T,,,/b,in")=1.12;  prebuckling into account. The results, some of
-ie,/h)=2.891n =;-01) for n ="6-10 which are presented in Fig. 7, . .confirm the trends .
(reproduced from Ref.35) found in Refs. 28 and 49 . The effect of rotation-

al restraints is alco oresented in the figure. Com~
parison between the ¢4 and 354 curves in Fig,.?

shows that, whereas rotatiocnal restraint is effective
only for ghort shells, axial restraint is even more

Many additional tests on the vibrations of
axially loaded stiffened-shells have been carriecd
out as part of the studies aimed at the definition

»f the bouncary conditions and the prediction of effective for long shells.
buckling load discussed below (see alsc Refs. 18
and 71 ), and have cenfirmed these observations As noted in Ref. 28 , the iafluence of axial

rade on the first test scries. constraints on the buckling of axially vompressed

stringer stiffened-shells resembles that observed

V. Influence of Bourdary Conditions in isotropic sheils buckling under lateral hydro-
static pressurel?, or vibrating freely’. The

The influence of in-plane boundary conditions similarity with the influence of in-plane boundary
and prebuckling deformations on the buckling and conditione for vibrations is onz reason for the :
vibration3 of stiffened cylindrical shells under success of the correlation Letween vibration and
axfal compression have been discussed in detail in?®  buckling tests reported in Ref. 28 and whose con-
The main results obtained there will be summarized tinaation is discussed below.
and extended by additional parametric studies. The
discussion is again limited to axial compression The influence of in~plane boundary conditions

loading. Another loading case, hydrostatic pressure, and rotational restraints on the vibrations of
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Table 1. Stringer Geometric Parameters for Theoretical Studies.

Allblh C.10 0,20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

Iu/b1h3 0.008 0.067 0.226 0.535 1.05 1.82 2.87 4,28 6.10

- 01/?! 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

ey 0.116 0,732 1.89 3.36 5.08 6.78 8.64 10.4 12.3
R/h » 480, v =03, Specific Gravity = 2.80

5§53 and £S4 boundary conditions and are compared
with the corresponding ores for isotropic shells
(reproduced from Ref. 20) . The jeneral trends
observed were: (1) a shift to higher 2z with
increase in stiffening; (2) a large increase in
buckling loads for chort shells, again more

— pronounced the heavier of the stringers;(3) even for
long shells a smaller decrease in p than in
2 R/Ne4OO,L/ReY, 2458 isotropic shells, and (4) & reversal™8f the relative
nagnitudes of p with 853 and §S4 B.C's compared
| —— R/hnd00,L/R=2,Z21832 to those for isBElopic shells.
2.2

A parasetric study has now been cerried out for
a typical less efficient stringer (taken from Table
1), extended also to include clamped boundary con~-
ditions. The variation of p with Z is plotted
for this stringer, with (Allgiﬂ) = 0.4, (I, ,/b,h3)=
0,535, (Czﬁl) = ~2.5 and nu- 3.36, in rig.. 8, The

2.0

1.8

1.6

11

12

L1 1]

1.0

l
06 08 Lo
(Ar/byh)

5
E
¥
£
E
‘
¢
R
5
i\,

rigure 7. Effect of Axial and Rotational Restraints
on Buckling of Stringer-Stiffened shells
(Stringer Geometry is Given in Table 1).

Y P

stiffened shells has been dealt with in de’ail in 0.8 ]

Rafs. 26 and 38 , and will be raconsidered below M BRI R SN RN LT

in the discussion of the continued correlation 1 S 100 500 1000,

studies. The out~of-plane boundary conditions have

also been discussed in Pef, 28 . rigure 8. Effact of Prebuckling Deformation on

- Buckling of Stringer-Stiffened Shells -

. The elfect of prebuckling deformations, caused variation with Shell Geometry ((R/h)=480;
) by the edge constraints has been extensively studied “1’”1“’”"0’111”’1" -0.535:(01/71)- ~2.50;
) for isotropic cylindrical shells, and its dapendence nu-s.as).
w on shell geometry and boundary conditions for the
o case of axial compression has been recently corresponding o for isotropic shells is again
swwarized in the very complete paramstric study plotted for son in the Pigure, with C4 also
‘ by Yamaki and Xodama““., The earlier studies for included. Similar general trends are observed in
g stiffened cylindrical shaslls have been summarized rig. 1 of fef. 28 , except that due to the less
: in Ref, 28 where a partial pararatric study has efficient stringers the increase in buckling loads

also been carried out with BOSOR 352 and the lirear  for short shells is less pronounced and that p .
theory of Ref. 49 . In Fiqg. 1 of Ref. 28 curves for S54 drops to a lower value for 200 < Z <
for ths variation of the ratio of buckling load to before stabilizing in the iarge 2 range at a value

that with prebuckling deformations neglected close to 1.

P (=P /P } with shell geometry have been

p5teea BEY «DS"RER3% of shells with relatively The influence of noniinear prebuckling de~
efficient external stringers. The curves are for formation on the vibrations of axialiy loaded

stringer~stiffened shells has been discussed in Ref.
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28 . The effect has been found negligible for zero
load and noticeable, though still very small for
high loads. For example, for the vibration mode
shown in Pig. 10 of Ref. 28 , p = 0,99 for SS4
B.C's at zero load (where p 18 €he ratio of
frequency obtained with non¥ifiear Frabuckling to
that obtained with lineary theory), and decreases
to p = 0.93 near buckling., The effect for SS3
is oVER smaller.

One may summarize the present parametric
studies, those of Ref. 28 and the results of
other investigators in the following practical
conclusions:

(1) axial restraints, and also rotational
restraints strongly affect the buckling
loads of stringer-stiffened shells. This
effect depends on shell and stiffener geo-
metry. Similar effects are ohserved in the
vibrationg of stringer-stiffened shells.

(2) For short shells with medium or heavy
external stringers (2 < 250-400 and
(Al/b h) > 0.3 with corresponding other
geome parameters, in particular ~

-(el/h) > 3}, osnsideration of nonlinear

prebuckling deformations results in sub-
stantial increase in buckling loads. Hence
linear theory will yield very conservative
predictions for such shells. For similar
internal stringers this increase disappears
for the few cases studied. Further para~
metric studies for internally stiffened
shells are needed.

(3) Ior medium and long shells (2 > 1000) with
external stringers, 0 * 0.94-1.05 and
the effect of nonlinegfepubuckling de~
forritions may therefore be neglected.

(4) For external stringers, p for Ss4 is
practically always below BEE value for
SS3 B.C's, whereas in isotropic shells
[ o for S54 always exceeds that for
s8¢ Thig is due to the large increases
in buckling loads with axial restraints
(SS4) predicted by linear theory.

(S) The influence of nonlinear prebuckling
deformations on the vibrations of stringer-
stiffened shells is very small and may be
ignored in the cases studied.

Thus for design purposes, one can safely
neglect ncnlinear prepuckling deformations for
externally stringer-stiffened cylindrical shells
under axial compression, except in the case of
very short shells, where buckling predictions would
be unduly conservative.

V. Initial Imperfections ~ Their Effect
On Buckling and vibration

Por unstiffened shells initial imperfections
have been accepted as the main reason for the
significant discrepancies between precictions and
experiments. Since the initial imperfection shape
in the form of an axisym’tric buckling mode
assuped by Koiter in 1963° yielded very iavge
reductions in the buckliiig loads, much effort has
been dgvgfegthluxismeuic imperfection
theory ’'“7’/““*%, Rased on rather restrictive

10
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imperfection distributions, it has even been argued
that the effects of axisymmetric imperfection com~
ponents dominate in actual cylinders and hence axi-
symtrig imperfection theory yields adequate design
criteria®?. This contention is however not upheld
by results based on measurements of practical shells,
The influence of asymmetric and general initial im-
perfections_has also been studied though not as
extensively . The theoretical studies aimed at the
determination of the effect of initial imperfections
were mostly studies of the initial postbuckling
behavior yielding the imperfection sensitivity of
the structure. For unstiffened shells experimental
results tend to verify the predictions of imperfect-
ion sensitivity theory qualitatively (see for example
Ref., 78 ). For stiffened shells {' (s predictions
are not always verified qualitati ciy (see for
example Fig., 31 in Ref. 54 ), since in this case
other secondary effects may overshadow the im-
perfection sensitivity. The results of imperfection
sensitivity theory can therefore not be relied upon
in stiffened shells, unless all boundary effects have
also been properly taken into account. For example,
the large increase in imperfectiyg sensitivity pre~
dicted by Hutchinson and Amazigo’” for axially
corprauged stringer-stiffened cylindrical shells in
th: range of small Z, disappear when prebuckling
deformations are taken into account in a later
paper80 (see Fig. 11 of Ref. 1 ).

Recently, however, emphasis has been placed on
prediction of buckling loads fsgm,,sxgsrimentally
measured initial imperfections’<’’“’““’ and
satisfactory correlation has been achieved in some
cases The measurement of initial imperfections
for a wide range of shells is essential for a more
reliable assessment of their effect on the buckling
behavior. On the laboratory scale initial im-
perfections have been surveyed by many invest-
iqatozsn'"' 7459, A scan of initial imperfections

for typical gtringer-stiffened shell (xeproduced
59 ) is given in Pig. 9.

from Ref. The dominution

Lt e}

Figure 9. Typical Measured Initial Imperfections
for a Clamped Stringex-Stiffened
Cylindrical Shel) - Shell AS-2: (R/h)=5l7;
(L/R)=1.38; (A, /D1 h} a0 506 {@g /h)= ~1.72;
(reproduced froé& Ref. 59).

of lazge amplitude asynmwmetric imperfections of long
axial wave le;}gf.h, also observed in scans of iso-
tropic shells’s, is apparent in the Figure. These
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long wave length imperfections have been brought to
focuc only by the measurements and have not been con-
sidered in Ref,32 and in other studies. The gqrowth
of imperfeg;ugns with load has also been

studied’2s 79,59, Additional imperfection moasure~
ment facilities are being put into operation at the
Adrcraft Structures Laboratary of the Technion and
at other laboratories, and measurements on full
scale have commenced at Georgia Institute of Tech-
nology and at the NASA Langley Research Centex. An
extensive imperfection mcasurement effort will be
necessary to yield meaningful correlations between
manufacturing processes and dominant imperfections,
as well as between scans and the buckling loads.

The earlier investigator apparently did nnt
attach any imnortance to the influence of imparfect-
ions on the vibrations of shells. Motivated by the
possibility of a correlation between the effect of
imperfections on vibration and buckling, the authors
carried out a preliminary study39 that is essentially
an extensicn of Koiter's 1963 analysis for bucxling’.
The radial inertia term was added to Kolter's
formulation and the effect of a similar special
axisymmetric initial imperfection on the vibrations
of an axially compressed isotropic cylindrical <hell
was studied. Though the shape of the initial im-
perfections and the mode of vibration are not real-
istic, the results of this preliminary study are of
interest. It appears that inftial imperfections have
a significant effect on the vibrations, not only at
high compressive loads as expected, but also at zero
axizl load. As can be seen in Pig. 10 where the
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Figure 10. Vibrations of Imperfect Cylindrical
Shells - Minimum Frequency Parameter
versus Amplituds of Axisymmetric Im-
perfections at Zero Loaded (reproduced
firom Ref. 39)

square of the non-dimensional frequency 92 is
plotted versus the imperfecticn amplitude u, (re-
produced from Ref. 39), an imperfection amplitude of
0.2 shell thickness, for cxampls, reduces the square
of the frequency to 73% of that of the perfect shell,
and one of 0.5 shell thickneas to about 48%, Though
less thap the corzespond%nq reductions in huckling
load predicted by Koiter! (which would be to 44\

for y = 0.2 and to 278 for u = 0.5), this is a very
significant reduction. After this preliminary

study was accepted for publi on, & similar study
published recently in the u_ssa’ ‘Game to the notice
of the authors. Results of a similar nature were

11

obtained in that study.

The results motivated further studies by the
authors of the effect of asymmatric imperfections
on the vibrations of cylindrical shells, which will
soon be reported. FPurthermors, one is led to the
tentative conclusion that the correlation of boundary
effects between vibrations and buckling of stiffened
shells, discussed later, includes also some correlat-
ion of the init’al imperfections.

VI. inelastic Effects

As pointed out by Mayers and ﬂenenberqzs'ﬂ,
considerable reductions in the load carrying
capability may occur in axially compressed shells
even of fairly high (R/h), as a result of the com~
bination of initial imperfections and material non-
linearity,when the materiat stress~gtrain curve be-
comes nonlinear at relatively low loads. These in-
elastic effects, or rather material nonlinearity
effects, occur when the average compressive stress
is still well below the usual 0.1 or 0,2 percent
yield stress, and therefore plasticity correction
factors would usually not be applied. Many materials
like nickel, copper, some stainless steels, annealed
matals or some of the advanced composites exhibit
stress-strain curves with early nonlinear behavior,
characterized by low exponents ir the Ramberg-
0sgood xep:esentation”, and shells made of them are
therefore prone to these effects.

The maximum strength amlysisz3'27 employed to
study these effects, proved very successful in
explaininy anomalous experimental results obt:ainsd
for buckling of steel stringer~stiffened shells>3,
There, one group of shells with smailer (R/h) gave
consistently lower values of “linearity” p than
another group of steel shells with a larger (R/h)
(see Fig. 11 of Ref. 53)., Since all the specimens
were manufactured in a similar manner, the opposite
ccend had been expected, as a rasult of the expect-
ed increase in influence of imperfections with
laxger (R/h). Mayers suggested looking again at the
material properties, and indeed it was found that
the material of the smaller radius shells exhibited
early nonlinear behavior (see Fig. 8 of Ref. 53 or
rig. & of Ref. 82}, though its 0,1% and 0.2% yield
points were veil ﬁove the buckling stresses,

Mayers and Meller"“ then applied their maximum
strength anaiysis to two typical shalls of each
group. The results (see Table 3 of Ref. 1, Table
3 of Ref. 54, or Table 2 of Ref, 82) show that in
thc case of the tvo shells with smaller (X/h) the
corraction for inelastic effects raises the
"lincarity" considerably, since the material exhibits
early nonlinear behavior, whereas in the two with
the larger (R/h) it is negligible, on account of
the relatively linesr stress-strain curve., The
trend was hence revorsed and the anomaly removed.

Since increased structural efficie.cy also
means highex stresses in atiffened shells, the
inelaatic nonlinear material effects will bacome
more ixportant in optimigzation studies. This
is mvident in the sampie study™* baswed on the 55
stringer-stiffened aluminum shells tewted by Card™",
It may also be expected that for stiffened chells,
imperfection semsitivity studies in the plgldc
.zange,.1ike Lhat oarried out by Hutchinsen?$ for
isotyopic cylindricat ahells, will not uphold the

of siestic amlysis gh.exved ip the un- *
stiffened shell,
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ViI.

Eccentricity of Loading and Non-
Uniformity of Loading

Eccentricity of loading, usually defined as the
radial distance between the line of axial load
application and the shell mid-skin, has been shown
to have considerable influence on the buckling load
of stringer-stiffened shells (see, for example Refs.
84, 85 or 86). 1In Ref. 86 the theoretical in-
vestigation was amplified by tests on integrally
stringer~stiffened cylindrical shells loaded
ezcentxically and having different boundctxecgq-
ditions. inese studies have been extended“" '’ to
consider the influence of load sccentricity on the
vibrations of axfally loaded stringer-stiffened
shells both theoretically and experimentally, and
correlate the results with those for buckling. The
details of the calculations and experiments are
given in Ref. 87 and scme of the results are
discussed in Ref, 28. The salient features will
be briefly reviewed here.

In the tests the eccentricity of loading is
achieved by applying the load through the stringers.
Specimens are therefore manufactured with three
kinds of edges,as shown in Pig. 11 (reproduced
from Ref., 28)., In the case of edge A, the load
is applied through the mid-skin of the shell, for
edge B the load is applied through an inter-
mediate point along the deoth of the stringers,

T

1

e A twe 8 o ¢
L0AD APALNLO 104D AMULED DENOUEN LR} APPLIED  THave
L T STeemens 1S AT WreRdoIE  Pobe
Fig. 11. Details of Load Application for Simply

Supported Stringer-Stiffened Cylindrical
Shells with Different Types of Edges.
(Reproduced from Ref. 28)

and in the case of edge C through the tip of tle
stringers. 1In all the cases special support rings
(see Fig. 11) which restrain the radial displace-
ment of the shell edge or stringers, ure accurately
fitted to the shell edges.

The vibration frequencies for various load
eccentricities and their variation with axial load
were calculated for SS3 and SS4 B.C.'s and com~
pared with experimental results, For SS3 B.C.'s,
no influence of load eccentricity is predicted at
zero axial load, and a small effect appears as the
load increases, yielding higher frequencies with
increasing outward load eccentricity. For n > 9
the trend reverses and the frequency decreases for
large outward load eccentricity., Por Ssa4 B.C.'s,
on the other hand, large differences in frequenciaa
with load eccentricity appear already at zero load,
whereas the change with axial load is less pro-
nounced than in the 553 case. The importance

12

of taking the real point of load application iuto
account ’hould be notad®?, The experimental
results®’ show mostly fairly clear trends and in-
dicate that the boundary conditions are betwean
SS3 and sS4,

The influence of eccentricity of loadin¢ on the
buckling of a family of thiee moderataly s+’ ffened
shells is shown in Fig. 12 (reproduced from Ref.28).
The detailed geometries are given there?® ana they
fall within the range of geometries outlined in
Section 8. Generally similar results were cbtained
for a family of heavily stiffened shells (see Pig.
11 of Ref. 28). The theoretical curves for SS3
and S54 have a maximum at a relatively low value of
load eccentricity and then decrease with incrcasing
outward eccentricity. This behaviour correlates

~—THEORY BOSOR 3

0001~ o EXPERMENT

IR

R
Figure 12. Influence of Eccentricity of Loading
on Buckling Loads, "Medium" Stringers
(Al/blh u 0,38) (reproduced from Ref,28).
with a similar one for the vibtatioﬂt”. The
aexperimental results show fair agreement with 28
theory. They and those of the heavy stringers”
reconfirm and emghasize the pehavior observed in
Ref. 86 that increase in cutward load eccentricity
results in lower buckling loads but also in a much
less violent buckling phenomenon., It should be
noted that unlike the initial geometrical im-~
perfections, the residual stresses or the actual
boundary conditions. the eccentricity of loading
is readily determi..ed ana controlled by the
designer. He must, howsver, remember to account
for the effect of the load eccentricity and that
this effect depends also on the boundary conditions.
A reliable definitior of the boundary conditions
has thersfore additional value.

Eccentricity of loading is one kind of im-
perfection related to loading., Znother is non-
uniformity - .’ the distribution of loading along
the shell .dges. The effect of non-uniform axial
compression on the buckling of isotropic Sylindrical

i me e a e ""J
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shells has been the subject of many theoretical corresponding axially loaded shell is employed to
studies. TFTor example, a summiry is given in a assess the real boundary conditions of the axperi-
recent study” ., which shows tr-at, not only for SS3 rent, In Pig. 14 the influence of elastic rotatiomal

B.t.'s but also for SS1 B.C.'s, the critical axial
coupressive stress for a non-uniform load distribut-
icn is practically the same a. that for a uniform one,
provided curtain yegtrictions .re adhered co. -
Experimentally, uniformit:’ of loading is quite ~—

difficult to accomplish, and fuw relisble load 89
distribution measurements have been carried out . 6000 —
In the present tests of the RO shells the load Pee
distribution was measured. An avray of five pairs = —
of strain gages, uniformly distributed over the
circuxference of the shell at approximately one
third of the length of the shell, was bonded to the X e Pos AT
inside and outside, in order to permit separats i P aisst
reandirgs of direct and bending stresses. The measured "0 — i gy
distribution was fairly uniform for most shells, with ! "’ 0.8
a deviation from the mean value at high load level = : .
cof less than 128, There were however isolated cases . %

|

!

:

of a deviation of up to 408, Correlation between
non-uniforsity and experimental buckling loads has
been attespted but the xesults are as yet in-

L I
conclusive. Further measurements and studies are . or ‘l“ J” 'lu ;‘; Ty 8‘& %“
planned. k,

VIXI. Experimsntal Definition of Boundary Con- Pigure 13. Influence of Elastic Rotational
ditions by Corrslation with vibraticn Tests Restraints on the Buckling loadr of
Shell RO-31.

The iwportance of exact definition of the
boundary conditions for buckling of stringer-
stiffened shells has become evident in the previous
Sections. The similarity of the influence of B.C.'s
on buckling and vibrations of such shells, in partic~
ular for the lower naturai frequencies, motivated 37
development of a correlation technique with vibration ’x ,"' ~
tests to achieve this definition®®. Por columns, "
many correlazion studies have been developed o' el
for assessment of the elastic restraintr provided
by the boundaries from vibration tests (see Ref. 90 PR
and bibliography in Ref, 28). Though for isotropic B
shells no analogous sethods have apparently been }
developed, observation of the similarity in behaviér 2 p
of the stringer-stiffened shells in buckling and
vibration has led to the development of this technique W= T e
in Refs. 28,38, The crucial fact, which nakes the I
technique feazible in these shells, is that the 028 '
buckling mode is similar to the lowest, or one the [~ {
lowest, vibration modes, both in theory and experi- :

f
1

ment. The correlation with vibration tests may alsc .28} —
be employed to rsduce experimental scatter in a1l | Wikt P J
buckling loads of stringer-stifganed shells., This ] e %00 K w0
was shown in detail by examples“ . ‘

b

This method is now briefly reviewed, for a Figure 14. Influence of Elastic Rotational
Restraints on the Vibrations of Shell

typical shell RO-31, mentioned alsc in Ref. 28, the RO-31 (P = 1600 kg., n = 10, m = 1)

qeonetxi;:al properties of which are: {R/h)=482; o ’ ¢

{L/R)»1.79¢ (A_/b.h} = 0.80;(I. ./b,h")=4.24;

(e./h)= _4'“1 n, «10.5. ’Hiislshell is nominally restraints on the frequency squared of the model

. - n=12, x = 1, at an axial load of 1600 k9. is
ztlnplet; :l;:m:?:grg:zw,::nm:;:yasngz?io;‘;eui:fi:oncn/ shown in the same manner in which the influence on
of elastic rotationsl restraints k, on buckling buckling load was shown in Fig, 13. This wmode of
and vibrations can be calculated wiéh the theory of vibration was chosen, because it represents the
Ref. 36, extended £o inclule elastic restraints )_:uc):_nng mode in most of the range of the springs.
at the bounduiuz". rig. 13 shows the variation The behavior is indeed very similar to that shown
of buckling load, between SS¢ and C4 boundary con- in Pig. 13. Hence by measuring the natural fre-
ditions for this shell. The variation between SS4 quency at a relatively lov load, one can estimate the
and C4 is obtained with a torsionsl spring (the x::h:our dazzdoondiuom. !c;r :dhpltilupg:rtlua
other B.C.'s are u=0, v=0, wm0), the stiffness of 'f ol ‘;‘;’c u:'e ca: beb:ap oy . t;y ng"s’s“fé on
which K, i3 zerc for 554 ana infinity for C4 of an axial spring k; Dbetween 553 & .
B.C.'s.

In Fig. 15 the predicted and experimental fre-
Correlation with the natural vibrations of the quencies squared are plotted versus axial load for

13
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shell RO-31,
trend to a certain valus of k 4

The experimental results show a clear
In Fig. 16 a
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Figure 15, Vibration of a Loaded Stringex-stiffened

Determination cf
Frequency Squared

Cylindrical shell for
Boundary Conditions -
Versus Axial Load for
n=1l),

rimilar plot is shown for the same shell but for
another mode n = 7, & = i, Similar clear trends,
even better defined, are observed and the correspond-
ing k, value is close to that in Flg. 15. This
value k, = 1300 is now used in Fig. 13 to

estimate the buckling load for the reai incomplete
clamping yielding P = 6520 xg. whereas for C4
conditions P ™ 6 kg. As the shell buckled

At 4693 kg, e "linearity” which was for C4

%4 ™ 0.68 is raised to "sp = 0,72,

In Ref. 28 the procedure was applied to four
shells. Additional correlations have been carried
out, and a total of eighteen simply supperted and
clamped shells tented may now be summarized. The
deaned geometrics of all the shells are given
in"“. They cover the ranges: {k/h) = 470-510,
(L/R) = 1.0-2.0, (.\llb h} « 0,20-0,80, (I /blh ) =
6.08-3.8, -(e,/h) »'1.8-4.5, n_. = C.8-10°%. ‘The
"linearities” p s3 and Pog? whfc%v are plotted in
Fige. 3 and 4 (éo';ether w!th those of many other
tusts), are zcplotted in Fig. 17 (the open symbols).
They are :orrected by this correlation with vib-
zationg {az domenstratsd for RO-21) to £, which
is also plotted versus the area ratio in'?ig. 17.
The experimental scatter in "linearity" which for
the same shells was 0.6 -~ 1.3 without the correct-
ions for real boundary conditions. has been con-
siderably raduced now to 0.6 - 0.9. It should be
noted that the low values of Py in.Fig. 17 relate
to clamped shells, as also obse?vcd bafore for

Shell RO-31 (n = 10,

ce
K, 23500
22000
#1300
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Figure 16. Vibrations of a Loaded Stringer-Stiffened
Cylindrical Shell for Determination of
Bcundary Conditions - Prequency tquared

Versus Axial Load for Shell RO-31{mm7,
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Figure 17. "Linearity" of Simple Supported and
Clamped Stringer~Stiffened Shells of
RO series 2, Corrected for Experimentally
Determined Boundary Conditions(p__, the
corrected "linearity” is compateapto
original Pezy anc 5cq Values).

p., in Pig, 4. This may b2 due to more severe im-
pérfections introduced by clamping in these tests
than in the simple supports used, or perhaps to a
difference in imperfectiun sensitivity for clamped
boundarias. Purthsr thiorstical and exporimental
study is required to clarify this observation.

The usefulness of the vibration technique for
determination of the real bounisxy conditions of
stringer~stiffened c¢ylindriczl shells is therefore

~twofold : as a tool for a specific shell ant as a

means to improve empirical design dats. A8
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mentioned in Section 5, the wmethod includes {in-
directly also some correlation of initial i{mperfect-
ions. The definition of this correlation requires
further study.

IX. Nondestructive Tes\: Methods for Frediction
of Buckling Lcads -

The prediction of the buckling loads by non-
destructive test methods has been attempted by many
investigators for different structures. For columns
and frames, good results have been obtained by pre-
diction frem vibrationr (see for example Refs. 91
or 92), but applications of similar vibration
techniques to plates ‘"dgih§§ shells have not
yielded practical methods™ ' °, exgept one succesg-
ful application to spherical cap59 . Other methods
of nondestgsctive testing have recently heen developed
for panels”” and for she11895797,60 yith some
success. The resulis of Ref, 60 are very impressive,
though the shells tested there were falrly thick,
with (R/h} < 200. Very ggod preliminary results
ware also reported there for a vibration method,
which correlates the varjation of minimum local
dynamic mass at given frequencies with axixl load,
applied to similur thick shells.

Since the acthors believe that correlation with
vibration tests is i promising direction of attack,
in particular for cleosely stiffened shells, where
the low vibration modes ohserved in tests are very
similar to the bsckiénq modes, such studies were
actively gursued 7445, some of the carlier
attempts3 yielded rome promising results, but better
correlations were obtained wi&g the later tests on
shells with heavier stringers“®. Some preliminary
results of these tests were given in Figs. 13 and
14 of Ref. 28. Additional tests have been zarried
out and the results for a typical clamped shell,

RO-31, are shown in Fig, 18, The plot of the square of restated®!.
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Figure 18. Prediction of Buckling Load from
variation of Measuted Frequencies
with Axial Load - Shell RO-~31.

measured frequencies (vhich would cnly be a straight
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line for a perfect shell with SS3 boundary con:-
ditions) curves do.n at higher loads (see alsc
Fig.lg). Curve fitting of the experimentsl resulls
of f° for P up to about half the theoretical
buckiing load, was tried but found to be inconvenient,
As an alternacive, an indirect .urve fitting
techrique was used - straight lines were fitted
(least square error fit) to £2 and to higher
powe.< of the measured frequsncies. The extrs-
polated intersections of these straight lines for
£f9 (where q = 2,3,4... i% an empirical exponent
sepresenting a form of curve fitting) are possible
predicted buckling loads. For RO-3L (as well as
for RO-33 and 30-34 gtudied {n Ref. 28) the extra~
polations of £~ and £  bracket ihc axperimental
buckling loads fairly well, with £  yielding con-
servative predictions. These and similar rasulty
for other shells are encouraging, but since the
exponents for these semi-empirica) straight lines
depend on shell geometry and boundary condittione,
extensive further studies arc needed to develop o
reliable non-destructive test method for stiffened
cylindrical shells. These studies wiil also con-
sider the shape of the curves of f2 for actual
imperfect shells, in order to provide a sounder
theoretical basis to tho empirical exponent q,

X, Structural Efficiency

The main motivation for using stiffened shelis
is their relatively high structural efficiency. Con-
491 erable efforts have therufore been devoted in
recant years to studics aimed at imoreving this
structura} afficiency (sece for exampl: Refs.. 47,25
or 1). In a paper on recant deeign criteria™, how-
ever, ring-stiffened shells under axial cowpression
were stated to be always less efficient than equiv-
nlent igotropic shalls., Thiz statemant was shown
in Ref, to be incorrect, but has very recently been
In view of its importance to design.the
reasoning of Refe. 25 and } is therefore briefiy
roviewed, and then the structural efficiency of
stiffened shells is discussed from a slightly diff-
erent point of V£°'25"E1Ch evan reinforces the
earlier conclusions”™’'".

The structural efficiency of shells, from a
design point of view, is evaluated by comparison
with equal weight, or "equivalent”, unstiffened shells,
The thickness of the equivalent ghell h is for
stringer~stiffened shells

ho= (144 /Ddnn (3)
or for ring-gtiffened shells
hs=fl4+ Az/bzh)]h (4)

In the absence of reliable theoretical estimates for
unstiffened cylindrical shells under ngal compression,
one has to rely on empirical formulae '’ which show
the primary dependence of the buckling coefficient

on (R/h). Among them there is a very simple formula,
pruposed by Pfluger 8 for (R/h) > 200,
(py/P_) = [1 + (R/100h)] 1/
where P = (201-v3172 . 24en2, (6)
the class}cal buckling load, that in addition to its
simplicity has the additional merit - for the purpose
of comparison - of being unconscrgative for most test
data. 1n Fig. 26 of Ref, 99, Pfluger's foxmula, Eq,
(5), is superimposed on test results obtained hy 14

(52
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mvntiqatons and found t2 be an upper bound for p S ) =
pructically sl: the shells tastad. Hence for the n=ad ltiffn Y

PRe——

ocnsexvative method of Ref. 25, P from Eq.(5) P 3 2,,172 2en®y L imy e 100&)11/2
is & suitable standard for cosparilon - since the " PPy 32V ) 17T I2ERT) "L (h/M)+ (R/100k
structural efficiency obtained related to it is . amy 35 )
smaller than the sctual efficiency of the stiffened

shell.

Design curves have been computed with the aid
of Eqe. (9) and (3) for atringer-stiffened cylindri-
I £q. (5) is now employed for the equivalent .o, gnel11s under axial compresrion (see for example
unstiffened shall dsxfined by 2Zgs. (3) or {5) its ?ig. 14 of Ref. 25) and the stiiZening has general-
buckling load i: 1y been found to be more efficient for lighter
stringers and thinner shalis. One siould recall ]
that n computad for stiffened shells by this methad
is smallar than their sctual efficiency. However,

n even with this conservative critarion, the ring

and stringer-stiffened shellg tested in the experi-
Now since for ring-stiffened cylindrical shells ,enee) p:g:u ditcuamgs"‘ show fairly high

with outside rings the general instability load can  officiencies (see Fig. 15 of Ref, 25 and Pig. 14 A
be computed with a simple formula (Bq. (3) of Ref. of Ref. 1) and demonstrats the advantages of y
1, or Eq. (9) of Ref. 25) a consexvative efficlency geiffening. g
for these shslls is given by

s = ms10051"1/2
Py = B (1 +{R/200R)

- 2, (i/my 212+ (r/200R) /2

The structural efficiency of stiffened shells

n e “’.ﬁgg"”;’ - can be studied in a slightly different manner. For
- . .- pexfect shells,the theoretical efficiency would be
1/2 2
=p[(h/n) = (R/100R)}™7° (h/M) {8 simply the ratio of the general instability load to
u “ that of the classical buckling load of the equivalent
whexe p is the "linearity”. weight isotropic shell. Por resl shalls the pre-
dicted loads have to be multiplied by the expected

with zqs. (8) and (4) design curves can "l1inearities”. Hence

readily be drawn that vhow n wverius (Rh) for
various values of p and (A_/b.h). In Pig, 19 P . S .
{reproduced from Ref. 25;, a“tyfical set of such = (Peeier * Parisraned’c1 pﬂl]

If vy 4is defined as the ratio of "linearities”
{or knock~down factors)

(10)

L pltitf.h‘d/ pgq au
the sfficiency becomes
n= YIP'u“/Pcll (12) {

where only v is empirical, and the remaining
quantities are simple theoretical values predicted
by linear theory. The designer uues curves that
prxasent n for various values of y (y = 1,1.1,
1.7 etc), and chooses the appropriate y for this
structure. In this method it has been tacitly
2.sumed that for isotropic cylindrical shells under
axial compression the in%uonce of the boundary
conditionc is negligible“’ (the "weak shear” SS1 and
SS2 B.C.'s are not considered here). On the other
hand, for stringer-stiffened shells the boundary

. -1 conditions have been shown to be very important and .
A have, therefore, tc be taken into account.
e
Figure 1). Structural Efficiency of Axially Com~ The "lineazity® p s taken from test data.
pressed Ring-Stiffened Cylindrical In order to remain conservativu, the lower bound of
Shells (Outside Rings - Reproduced the test results is used. For simple supports, :

from Ref 25). bsg3 2 0.67 in rig. 3, {f vory weakly atiffened shells

are excluded by restricting (A,/b.h) > 0.15 and the
curves is presented. It is immediately Seen that ghells of Ref. 65 are also excludld due to occurrence
even when 0 is only 0.6, waak ring-stiffening 18  of local buckling, as discussed in Section 2. F1ince
very efficien. for thin shells {large R/h); or, the AS shells und RO shellS are known to have B.C.'S
in other words, thin shells with many closaly spaced between SS3 and 534, their "linearity™ referred to

rings (to prevent local buckliny) and external rinys ssq B.0.'s has also been plotted (Pig. 20). A lower
of small cross-sactional area carry axial compression yalue than in Fig. 2 is cbviously obtained for the

very efficiently. lower bound in Pig. 20 yielding Poge 2 0.57. PFor the
clampod shells in Fig. 4 > 0.58,
For shells-stiffened by intexnal rings,or The snneuity" of t:e 1331:0:::‘:11011- 1:‘;23!," 0.5
stringers, the general instability lcad has to from results for six unatiffencd shelis tested in the
be computed from slightly more elaborate expressions po-geries, which were ranufactured by the same process
than the simple formula referred to. The con- as the stiffaned shells. Yor a range of (R/h) = 400
servative efficiency may then be written for both to 520 in these six shells, the lower bound of

casos as

le
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linearity is » * 0.45. To take account of the 4
decrease in (R/h) in the squivalent shells, a value
peq = 0,50 is taken for the comparisons., 7This

18—
v — [
5“‘ (- Wf— -seoe L/Rsl! §S23
WO — — e e e e
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4 © 1575.16,(ReROmm-RO SHELLS 162}
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e — , -0
. 0 0.2 (N 0.6 o8 10 7 _—-
;f:f AZbh |
,*e;:; Figure 20. "Linearity" of Simply Supported Stringer- o8 l I J l 1 l L l l J
7 Stiffencd Cylindrical Shells under Axial 0 0.2 04 08 O8 W0
L Compression, Referred to Ss4 Boundary AJbD
zgﬂ}f Conditions, as Functiorn of Stringer
b -
3 e b7 neter (a$ Shells =" and RO Figure 21. Structural Efficiency of Axially Com-
i n pressed Simply Supportsd Stringer-
e - ] i
ﬁ‘ corresponds to an extrapolation for the equivalent stiffened Cylindrical shells as P‘:;::mnm
g,( shells in the case of (A,/b)h) = 0.3, This value 3f St‘i;‘qe‘:s Azg‘ p“a‘?;::;nf:: e::y
&r. of p is, however, cons%detagly above the lower 1122“ tz -;:m:sJ . ger Geome
& bound of Weingarten and Seide’ aven for (R/h) = 240, is Given in 4
2 that would correspond to the equivalent shell in
%" the case of (A,/b,h) = 1.0, With this value of o
& for isotropic }hehs, vy = 1.34 for 553, vy = 1.14
iy for Ss4 and vy = 1,16 for C4. In Fig. 21, n for sS3
§; is plotted for v = 1.4 and (L/R) = 1, Note that
b shell geometries of Table 1 are used in these para- el

metric studies. A minimum n = 1.1 occurs when
(A;/b,h) = 0.3. similar calculations for SS3 show
that shorter shells have higher efficiencies, where-
as n may even drop below 1.0 for leng shells. The
other curves in Fig. 21 relate to S54 B.C.'s. Again
the increase in n for shorter shells is apparent,
but in particular one may note the relative high
value of (A,/b.h) = 0.8 for maximum n . With

Y =1,2, efhc%encies of 1.2 for (L/R) = 2 and

1.4 for (L/R) = 1 occur for pravtical area ratics.
’n Pig. 22 the effiriencies rel) ated to C4 are
rlotted. Here both (L/R} and (A,/b h) have a Pl
stronger influence on n than in éhe other cases,
though the trends are similar to those observed Yole
for §S4 boundaries. For vy = 1.2 (which is close to -
the 116 computed from the test data) the stringer-
stiffened shelus are 2lways efficient, in the range

5.
-
P
&
s
ke

]

Ry

oal_E+AL || Ll

of geometries studied, and for short shells, 0 [ S Ry
{L/R) = 1, very high values of n are possible
for heavy stiffening. In that case, however, due
h buc
;a;):gnxi{:tg::yi:g -1:ﬁkli:gd§::§:::;'jingi:i:i: Figqure 22. Structural Efficiency of Axially Com~
6-.. cts na vlay, d pressed Clamped Stringer-Stiffened

Cylindrical Shells as Function of Stringer
Area Parameter, for Different "Linearity"
ratios Y. (Stringer Geometry is Given

in Table 1).

The results presented in Figs, i and 22
demonstrate again that stringer-stiffened shells
are usually much superior than equivalent isctropic
ones, It may be raca. wed that the parametric
studies have been carried out with the geometries

17
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of Table 1, which represent the relatively ineffi~
clent gtiffeners of the test cylinders., Fcr more
efficient stringers used in practical designs, the
efficiencies will be considerably higher. Any doubt
about the intrinsically high structural efficiency
of stiffened shells should therefore by now have
been dispelled completely.

XI. Design Criteria and FPuture Trends

In spite of vigorous efforts to develop ration-
al design criteria for stiffendﬂhelln based on axi-~
symmetric imperfection theorv™"*~¢, these have not

T R T T S e T S T R T A TR o P g R R BRI,

load eccentricity effects have also to be taken into
account in both analysis and ¢etail desion.

Somn of the abov- recommendations extend heyond
the present state of the art. The current trends
of research and development in this field seem to
focus on neasurement of initial imperfections, and
their growth under load, for laporatory and full-
scale shells and their correlatinn with manafacturing
processes and multi-mode theore:i.ical predictions,
on the one hand, and development. of reliable non-
destructive test methods, on the o»ther hand, If
one extrapolated these trends, the following design

yet reached the stage of qeginl practizal applicabil- Process of stiffened shells coul’ be envisaged in

ity. Only interim criteria®- or criteria based on
very restrictive assumptions”“ have been proposed,
and the designer still has to rely essentially on
semi-empirical methods based on correlation of
linear, or nonlinear, theories with typical test
data. Improvements in these correlations, such
as those discussed in the paper, will therefore
yield improved design criteria.

The design process can usually be divided into
two phases: (a) the definition of the optimal con-
figuration, and (b) the evaluation of the chosen
configuration and its detail design. For synthesis
of the optimization phase, the compatational pro-
cedures and programs must be simple. Arter con-
sideration of the many effects and the parameters
which determine their magnitude, one is led back to
linear theory as the most suitable tool for the
optimization phase of design of stiffened shells.
The "upplicability" of lincar theory (with Zesign
factors ¢ *0.7-0.8 in general) as a first approxi-
sation has been reconfirmed by additional tests,
and the general bounds of applicability under axial

compression (sumparized in Ref. 1) have bean verified.

tue to the pronvunced influence of boundary con-
ditions on stringer-stiffened shells, thei:
definition by the designer is important and
correlation with boundary conditions other than

the classified S53 may be preferable (as has been
proposed in Section 10). For shells made of
materials with early mnline% behavior, the use

of maximum strength unalyses”” may be advisable

even in the cptimization process prior to the
definition of the configuration. The method of load
application may also have to be considered at this
early stage on account of posgible load eccentricity
effocts. 1In general, however, for this phase in
design,the linear theories (with appropriate
correlation factors) seem satisfactory. The
relevant detailed design criteria are summarized

in the Conclusions.

For the second ' se of design, more sophist-
icated method of ana. sis should be employed (see
for example Ref. 100) . Roundary conditions must
be accurately determined, and correlation with
vibrations of typical test shells may assist the
designer in this task. The effects of imperfections
have to be taken into account, and it is important
thet real imperfections, typical of the shell design,
are conside-ed. Initial imperfections of typical
test articles have therefore to be measured, With
measured initia) imperfections, represontative of
the actual shell, and consideration of realistic
boundary conditions, fairly accurate prcdict:lonh
may be expected with xocently developed methods”“.
Inclastic effects and material nonlinearities should
aigo be considered, in particular their possible
interaction with initial imporfections. Possible

18

the near future:

The definition of the optima: configucatior: is
carried out with automated design ;:rograms, using
linear theory in the structural ar.:lysis parts
related to proper elastic boundary conditions
(estimated froz earlier test expersance) and
correlatad with correlation factor: p obtained
from data accumulated from many w=xperimeants run in
different laboratories. The correlation factors
are also modified by the planned production process
whose typical initial imperfection properties are
availatle from accumulated test data,

In the evaluation and final design phase that
follews, the large structural analysis programs use
typical detailed predicted initial imperfection
patterns from the same test data to predict the
buckling loads, while ensuring that realistic
boundary conditions are assumed and that inelastic
effects and material nonlinearitias are also proper~
ly accounted for. A prototype is tested in a com-
prehensive manner - including measurement of initial
imperfectionsa, vibrations to verify or modify the
assumed boundary conditions, and a pilot non-
destructive test method which ig being reculibrated
in this test (which is carried to destruction).

The imperfection and boundary condition measurements
of the test ure used to verify or modify the earlier
predictions. Then, as the shells come off the
production line, the initial imperfecticns of each
one are measured as part of the quality control
process, and the relevant buckling loads recomputed
accordingly, qualifying each shell. As part of the
same control process, some of the shells are mounted
in conditions simulating their actual bhoundary con-
ditions and tested non-dastruutively to verify the
buckling load the shell will carry in these con~
ditions. A rather elaborate orocess, but essential
to ensure the accuracy required to make really
significant structural weight reductions feasible.
XI1I. Concluzions

The following conclusions can be drawn from
the results discusszed:

(1) Linear theory is applicuble t¢ closely
stiffened ring=and stringur-stiffened
cylindrical shells as a first approximation,
and is a suitable tool for optimization studies
and definition of design confiqurations of
stiffened shells.

Extensive experimental evidence confirms this
for the most severe loading case -~ axial com-
pression, and results for other loading cases
strongly support the conclusion. This

"applicability” includes small design factors

,,,,,
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(2) The “"linearity p = P

£3)

(47

(5)

(6)

implying reductions of 20-30%, but the
customary large "knock-down factors® are
absent even for weak stiffening, provided
local buckling is excluded.

/P depends on
stiffener and shell 5§8mc€§y. primarily

on the stiffener area ratio, and on the
boundary conditions. For the preliminary
design phase and optimization studies, the
*linearity” in the case of axial compression
may be taken, when referred to SS3 B.C.'s

as Pgoq = 0,7 for 0,15 < (Allb h) € 0.5 and
p 23,8 for (A /blh) > 0.5 }or stringers,
wigg similar slig%tly higher values of o
for rings.

Correlation with linear theory for other
boundary conditions may be preferable,and
then Psg * 0,7 and oy = 0.65 are suitable
values %or the prelimfnazy design phase.

Note that these values of p are not the
lower bounds observed in tests, since this
would make the optimization unduly con-
servative. The lower bounds should how-
ever be used in the final design phases.
The appropriate values of © are then,
again for axial compression, 9 s > 0.67,
Poge 2 0,57 and ¢,, > 0,58, For other
loaﬂings higher vgiues of © are observed
for the respective boundary conditions.

smeared stiffener theory is a convenient
method of analysis for general instability

of integrally stiffened shells. Eccentricity
of stiffeners strongly influences the buckling
load, and this eccentricity efrect depends on
stiffener and shell geometry, as well as on
the type of loading.

e rnn it AT o AR L UL S T
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{7) The influence of initial imperfections, though
less pronounced for closely stiffened shells,
is an important degrading factor. Initial
imperfections aléoc affect vibrations signi-
ficantly. The importanca of taking realistic
imperfactions into account should be borne in
mind as well as ¢he resultant need for extensive
imperfection measurenents.

(8) Inelastic effects and material nonlinearity may
influence buckling loads even at falrly large
{R/h) ratios, and their degrading effect may
he of similar magnitude to that caused by
initial imperfections. These effects should
therefore not be ignored.

(9) Preliminary results indicate that correlation
with vibration tests, at axial loads much
below the buckling loads, may yield the basis
for a non-destructive test method for pre-

dicticn of buckling load of imperfect closely
stiffened shells.

(10) Structural efficiency studies, that consider
tast results for stiffened and un-tiffened
cylindrical shells, emphasize the superiority
of stiffened shells over the corresponding
equivalent weight isotropic ones. The
structural efficiency of stringer~stiffened

shells is improved with increaze in rigidity
of the boundary conditions.
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Boumlary conditions are of prime importance
in stringer-gtiffened shells, whereas for

ring~stiffened shells their influence is
much smaller.,

Axial restraints, and rotational restraints,
strongly affect the buckling loads and free
vibrations of stringer-stirffered shells. 1This
effect depends on shell and stiffener geo-~
metry., This analogical behavior can be
utilized as a tool for the better definition
of the actual boundary conditions, which will
lead to more accurate predictions of buckling

loads and will significantly reduce experi~
mental scatter,

For externally stringer-stiffened cylirdrical
shells under axial compression, in the range
of geometries studied, nonlinear prebuckling
deformations have a relatively smll effect
on the buckling loads and vibrations, except
for very short shells where consideration of
prebuckling deformation yields significantly
higher buckling loads,

Eccentricity of loading is coutrolled by the
designer, but he should remember that it has
a very significart effect on the buckling
load, behavior and vibrations of stringer-
stiffened shells,
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